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Numerical Simulation of Nematic Liquid
Crystalline Flows Around
a Circular Cylinder

SHIGEOMI CHONO* and TOMOHIRO TSUJI*

Department of Materials Science and Engineering, Fukui University,
Fukui 910, Japan

(Received 7 October 1996; In final form 23 July 1997)

Numerical solutions to the full set of partial differential equations for the Leslie-Ericksen theory
are obtained for steady flows of non-tumbling nematic liquid crystals around a circular cylinder
with an infinite axial length. The streamline pattern for fixed director orientation, which has
been presented by Heuer et al., differs from our results, which are obtained without approxi-
mations. An upstream displacement of the streamlines is observed for small Ericksen numbers.
This streamline displacement is shifted to the downstream region with increasing the Ericksen
number because the effect of fluid inertia becomes large. The distinctive director orientation
profile is predicted in the downstream region of a circular cylinder when the Ericksen number is
large. Flow kinematics such as streamline pattern and director orientation profile change greatly
between the Ericksen number of 10 and 50 for a planar anchoring configuration. For a
homeotropic anchoring configuration, on the other hand, the effect of Ericksen number is
suppressed in the present calculation. The orientation angle of the director relative to the
streamline along the specific streamline explains successfully the relationship between director
orientation and streamline patterns.

Keywords: Nematic liquid crystal; finite difference method; flow around a circular cylinder;
Leslie-Ericksen theory

1. INTRODUCTION

Nematic liquid crystals have a microstructure in which molecules are
oriented in a certain direction but their positions are random. There are two
available theories for the rheology of nematic liquid crystals; one is the
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Leslie-Ericksen theory [1-3] developed in 1960’s based on continuum
theory, and the other is the Doi theory [4, 5] developed in 1981 based on
molecular dynamics.

Many calculations have been performed using the L-E theory [6—10]; de
Gennes [11] and Leslie [12] have reviewed the theory and the calculated
results in detail. Owing to the complexity of the L-E equations, however,
such calculations have been concerned with simple geometries in which the
L-E equations can be reduced to ordinary differential equations. Several
authors have solved flow problems in complex geometries where the elastic
stresses and torques are neglected, in which case the L-E theory simplifies
to the Transversely Isotropic Fluid (TIF) [1, 2}. The first study to consider
the full set of partial differential equations for the TIF is that of
Vanderheyden and Ryskin [13]. Baleo er al. [14] obtained finite element
solutions for a variety of axisymmetric flows. Recently, Giler [15] and
Chang et al. [16] presented finite difference and finite element solutions
respectively, in two-dimensional complex flows using the TIF approxima-
tion. A number of authors have also obtained numerical solutions in
complex geometries for a theory of fiber suspensions which is equivalent to
an ensemble-averaged TIF; see Rosenberg et al. {17] for an example and
references to earlier work. The first study of the full set of partial
differential equations for the L-E theory with the isotropic elasticity
approximation is that of Mori et al. [18] on two-dimensional developing
inlet flow between parallel plates. Recently, Chono ez al. [ 19, 20] applied
the full L-E equations to both 4 to 1 contraction flow and flow in L-
shaped channels with various contraction ratios of upstream to down-
stream channel width.

Flow past a circular cylinder with infinite length is a classical problem and
of both hydradynamic and industrial interest. The first study of this flow for
nematic liquid crystals was made by Heuer et al. [21]. Considering nematic
flows under strong external fields such as electric or magnetic fields, they
introduced a simplification wherein the orientation angle of the director is
uniform in the whole flow region and the wall anchoring at solid surfaces is
weak, which is not only equivalent to the TIF approximation mentioned
above but also makes solution of the angular momentum equation
unnecessary. In this study, we remove this simplification and present
numerical solutions to the full L-E equations for flows around a circular
cylinder.
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2. BASIC EQUATIONS AND BOUNDARY CONDITIONS

2.1. Basic Equations

The conservation equations for an isothermal incompressible Leslie-
Ericksen nematic liquid are as follows:

i) continuity equation

V-v=0 (1
ii) linear momentum equation
Dv

= . 2

Py = VPV T @)

iil) angular momentum equation

OF OF
O:nx{é—n—v-<ﬁ)+)\1N+/\zA-n} 3)

v is the velocity vector, p the fluid density, D/Dt the material time derivative,
p the pressure, and 7 the extra-stress tensor expressed as

7= qnonn: A + anN + o3Nn + oA

OF (4)
+a5nn-A+a6A-nn—;9—v;- (Vn)T

where n is a unit vector defined as the average molecular orientation and
called the director. a;(i= 1~ 6) are the Leslie viscosities and A is the rate of
deformation tensor

A= {(Vv)T + Vv} (5)

[

N is the director angular velocity relative to that of the fluid and defined as

N=22_""_0.n (6)
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where 2/2t is the Jaumann derivative and (D is the vorticity tensor

Qz%{(Vv)T—Vv} )

F in Equations (3) and (4) is the free energy density caused by the spatial
distortion of the director;

2F = Ki(V-0)? + K3(n -V xn)? + Ka|n x V x 0}’ (8)

where K, K, and K; are elastic constants corresponding to splay, twist and
bend deformations of the director field, respectively. A\, and X, are related to
the Leslie viscosity as follows:

/\1 = Q3 — (¥ (93.)

Ay = g — Q5 (9b)

The equations for the TIF (Transversely Isotropic Fluid) are obtained by
eliminating the free energy terms from Equations (3) and (4).

Ziniga and Leslie [22, 23] did a stability analysis of the Sturm-Liouville
eigenvalue problem and showed that the director moves out of the shear
plane as the shear rate is increased. They [24] also extended the analysis to
plane Poiseuille flow. Han and Rey [25, 26] analyzed an unsteady
phenomenon of out-of-plane for the director. However, as far as two-
dimensional calculations for the TIF [13-16] are concerned, the in-plane
assumption has been used for the director. In the present analysis, we also
assume that the director n lies in the sample plane as that of the velocity
field. Thus, in a planar cylindrical coordinate system (r— 6), as shown in
Figure 1, where the flow around a circular cylinder is best described, n is
expressed as

n = (cos¢, sing)” (10)

¢ is the orientation angle of the director with respect to a r-axis at angle 0
from the x-axis. After Equations (2)—(8) without unsteady terms were
reduced to the form of the r-8 coordinates of Figure 1 using a mathematical
software “REDUCE”, we introduced a streamfunction %, and non-
dimensionalized with the cylinder radius a, the uniform velocity U at the
infinity, the viscosity a4 and the elastic constant K;. Hereafter, all physical
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FIGURE 1 Flow geometry and coordinate system.

quantities are to be considered in their dimensionless forms. Then we
concentrated grid points near the cylinder, where greater accuracy was
necessary, and also lengthened the regions far from the cylinder without
increasing the number of grid points by introducing the transformation

r=é (11)

to obtain the resulting equations;

Ree(gog-i- ‘9“’) v+ 10 4 py.0) (12)

Erei,\l( a‘é’+ g‘é’) 1*'2K3v2¢

1- o a2¢ g\ >
2 ‘2¢{(e) > 5¢06 (?9_9) “}

1-K; 2¢(az¢ 6¢8¢ @)

2 92" "o 00 of
+ Er Ay ( g?)
2
+ Er)\z{ ( ;5;2 g:ﬁ) sin2¢ + = e%ccsZgb} (13)
*y
'6—52‘ + 0 —e%w (14)
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where u and v are the £ and # components of the velocity, respectively, and w
is the vorticity. Re is the Reynolds number, and Er is the Ericksen number
which represents the ratio of viscous to elastic forces; the dimensionless
groups are defined as follows;

Re = 22Y (15a)
(4.7
a4aU
- 1
Er K, (15b)

The expressions for f(¢) and g(i, ¢) in Equation (12) are given in the
Appendix. We may choose an alternative but equivalent expression for the
extra-stress tensor Equation (4). In such a case, the term f(¢) can be
eliminated but the term g(¢, ¢) becomes more complicated; see Leslie [27].

2.2. Boundary Conditions

To complete the specification of the problem, we require appropriate
boundary conditions for velocity and director orientation fields. Since we
will consider cylindrical profiles which are symmetric with respect to the x-
axis as shown in Figure 1, only the half space of the flow domain is needed
to be solved by setting the boundary conditions on the centerline as well as
along the cylinder surface and at infinity.

For the velocity field, we have a no-slip condition along the cylinder
surface and a uniform flow profile in the positive x direction at infinity; that
is,

u=v=90 at r=a (16)

u=Ucos#, v=-Usinf at r=R (17)
where R > a. On the centerline,

Au
—=v=0 18
00 (18)
from symmetry.

For the orientation field of the director, the alignment direction is
indeterminate in the uniform velocity profile at the upstream region. Here,
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in order to facilitate the imposition of an orientation boundary condition
and also to make it physically meaningful at the upstream region, we
implicitly assume the existence of a considerably weak magnetic field
parallel to the x direction at large distances upstream. Though the external
field is so weak that it has little effect on the flow behavior near the cylinder,
it can easily orient the director to the x direction at the upstream region,
because there is no aligning agency (for example, velocity gradients, solid
boundaries, etc.) except it. Therefore, we set the director parallel to the x
direction at upstream infinity (7/2 <6 <), while no changes in the main
flow direction are imposed on the outlet (0 <8 < #/2); that is,

¢p=—0 at r=R, gS9S’K (19)
o¢ T
5-=0 at r=R 0<6<3 (20)

The anchoring angle along the cylinder surface ¢,, was considered as one of
the calculation parameters; we selected two kinds of typical situations, one
being the director which is tangential to the cylinder surface, that is,
¢, = —7/2 (planar configuration), and the other being the case where the
director is normal to the surface, that is, ¢,,= —n (homeotropic configura-
tion). Along the centerline, Baleo er al. [14] have reported that the director
shows a transverse orientation before an obstacle and is aligned with the
centerline after the obstacle because of acceleration. However, this is the
conclusion for the TIF, which has no spatial orientation restriction caused
by the elasticity of the director field, and for flow through a tube, where the
effect of deceleration and acceleration is large; thus, it seems to be difficult to
apply directly such a condition to the present study. As a result of solving
the whole flow region without using the centerline boundary conditions at
Er=10 for planar configuration, for example, we obtained the aligned
orientation on the centerline. So, we use the following condition:

¢=0 at 0:0} ™
fi = — = 21
=—m at f=n or ¢ 2 1)
= - t =0
T } for ¢, =—m 22)
=-—7m at ==

It should be noted that taking into account that the flow kinematics are
symmetric with respect to the x-axis, determination of the anchoring angles
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at stagnation points ( points A and B in Fig. 1) is a serious problem for the
planar configuration. It is found from some preliminary calculations that
when the Ericksen number is less than unity, the effect of the anchoring
angles at only the two points is large, but for the Ericksen number more
than 5, flow kinematics are independent of the angles at those points.
Therefore, for simplicity, we considered such points to be on the centerline.

3. NUMERICAL METHOD

Calculations were performed by the finite difference method. When the
Ericksen number Er is 100, which is the maximum value with the present
calculation, £ in Equation (11) is taken to be 5.3 giving an outer radius R of
200, and for the other cases of smaller Ericksen numbers, we take £=35
giving R=148. Before making the main calculations, we investigated the
effect of mesh refinement for Er = 10 using three different mesh sizes, 90x 60,
120x90 and 180x 180 in the £ and @ directions, respectively. Though a slight
difference in streamlines is discernible between the coarse mesh and the
intermediate one, we cannot find any difference between the intermediate
mesh and the fine one. Further mesh refinement is assumed not to lead to
appreciable differences in flow kinematics, and we employed 120x90 grid
points in later calculations. For Er=100, however, 180x180 grid points
were used because of a wider calculation area.

The nonlinear coupled system for w, ¥, and ¢ resulting from the
discretization of the governing equations is linearized by a separate
treatment of each equation. The SOR iteration is used to solve the linear
system. It is assumed that convergence is obtained when the following
inequalities for relative changes averaged over the nodal points are satisfied:

LN |l — o -5

Nz}:—w",—“ <10 (23)
on | v

=y | 1078 24
NEJ: Ly 24
1 Mot —gn,

ﬁz MUY L) - Ml < 107° (25)

- 7
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where N is the total nodal number and superscripts » and n+1 mean
iteration number. We have no flow instabilities in the present calculations,
because the Ericksen number is not high, and the velocity gradient is
moderate in flow around an obstacle (a circular cylinder) in comparison
with flow in channels.

The physical constants for p-azoxyanisole (PAA) are tabulated in Table I.
The data in this table are those used by Tseng et al. {7} and are dimensional.
The value of K, is not necessary when the director lies in its orientation
plane. It is clear from Equations (9) and (10) that the Reynolds and Ericksen
numbers can be varied only by the flow rate for fixed physical constants.
Therefore, each is dependent on the other, and Re is less than Er by a factor
of 10* in the present calculations. The fluid density p is 1000 kg/m?.

4. RESULTS AND DISCUSSION

4.1. Streamline for Fixed Director Orientation

As mentioned in the Introduction, Heuer et al. [21] made an assumption that
strong external forces induced by electric or magnetic fields are exerted on
the system and it has weak anchoring at the solid surface, so that the
director can orient at an arbitrary angle along the wall, resulting in the
situation that the director profile is homogeneous in the whole flow domain,
including the cylinder surface. Under such a condition, the angular
momentum equations is not required and also the linear momentum
equation reduces to a considerably simpler form, because the orientation
angle of the director is no longer an unknown variable. Before showing the
solution to the full set of the L-E equations, we present some results
obtained under the fixed director orientation assumption.

Streamlines with the director parallel and perpendicular to the x-axis are
indicated in the upper- and lower-half of Figure 2 for a Reynolds number of
Re=1073. Values of streamfunctions are 0 on the centerline and increase by
a step of 0.1 with increasing the distance from the cylinder. Because the

TABLE I Physical constants

Viscosities x 10° Pa s Elastic constants x 10" N

[a4] [¢%) Q3 Q4 Qs Qg Kl K3

43 - 69 - 0.2 6.8 4.7 -23 49 10.5
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FIGURE 2 Streamlines for fixed director orientation at Re=10" 3. The upper-half is for the
director parallel to the x-axis and the lower-half is for the director perpendicular to the x-axis.
Values of streamfunctions are 0 on the centerline and increase by a step of 0.1 with increasing
the distance from the cylinder.

director orientation is uniform in the whole flow region, and also Re is very
low, which corresponds nearly to Stokes flow, streamlines are observed to be
symmetric with respect to the y-axis. For the director orientation paraliel to
the x-axis, streamlines are distorted at a further upstream region, so that the
fluid passes around the cylinder smoothly. In contrast, when the director is
fixed perpendicular to the x-axis, the profile of streamlines reflects the shape
of a circle, and the fluid turns abruptly close to the cylinder. This is because
when the fluid is forced to have a y-component of velocity due to the
presence of a circular cylinder, the director orientation parallel to the x-axis
suppresses such a behavior, and the director orientation perpendicular to
the x-axis acts to facilitate the behavior. In addition to the difference in
streamlines, the pressure gradient in the main flow direction is different for
the two cases.

It is clear that the streamlines for a Newtonian fluid at the same Reynolds
number show an intermediate pattern between the two cases. Therefore, it is
confirmed that the director orientation has a large effect on the velocity field,
and that the director and velocity fields must be solved simultaneously.
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4.2. Flow Around a Circular Cylinder

Figure 3 shows the streamlines and the director profiles for Er=35, 10, 50
and 100, when the anchoring angle ¢, = —#/2 (planar configuration). Values
of streamfunctions are identical to those of Figure 2. For Er =5, the director
with the orientation angle almost parallel to the x direction in the upstream
region passes around the cylinder smoothly, and the spatial variation in the
director orientation is not so remarkable over the entire flow region except
for a small area near the cylinder. In spite of a low Reynolds number of
Re=5x10"*, streamlines are not symmetric with respect to the y-axis, and a

8 8= ==

6 6

e, 200
i S i
y”’lu,, RN #\\\ \ Mgy

11
LIS
I
g
Sy

M
WL

FIGURE 3 Streamlines and director profiles for the anchoring angle ¢,,= — n/2. (a) Er=35; (b)
Er=10; (¢) Er=>50; (d) Er=100. Values of streamfunctions are identical to those of Figure 2.
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streamline displacement to the upstream region can be observed, which is
considerably different from the results in Figure 2. This is obviously due to
the distribution of director orientation. As Er is increased to 10, no great
differences are noted in velocity and director orientation fields, though the
streamline displacement to the upstream region is suppressed compared with
that for Er=35. However, when Er is increased further to 50, significant
changes are observed both in the streamline pattern and in the director
orientation profile; the upstream displacement of streamline is confined in a
narrow region near the cylinder, and a downstream displacement occurs at an
area far from the cylinder. The curvature of streamlines near the cylinder
becomes large, which is similar to the streamline with the director
perpendicular to the x-axis in Figure 2. The director orientation profile in
the upstream area of the cylinder is essentially identical to that for the lower
Er, but in the downstream region of the cylinder, especially behind it, the
director shows its involution into the rear of the cylinder. The streamline
displacement to the downstream and the orientation profile of the director
and enhanced at Er=100; in particular, the director rotates behind the
cylinder and is moved to the downstream where it behaves like a kite released
from a string, because the velocity gradient is very small in this place.

It is of some interest that for every Er, the director already has a positive
y-component in an upstream area (if we draw the director orientation profile
in the upper-half space of Figures in order to superpose it upon streamlines,
the director is found to make a negative angle with respect to streamlines;
here, we define a counterclockwise rotation of the director with respect to
streamlines as a positive one). The orientation angle of the director relative
to the streamline along the specific streamline gives a comprehensive
explanation for the relationship between director orientation streamlines.
The relative orientation angles ¢, along streamlines for streamfunctions of
0.01, 0.1 and 1 are plotted as a function of x in Figure 4. It is found that a
different tendency is obtained between Er =10 and 50, which is the same as
the results of Figure 3. In the case that only shear flow exists and that the
anchoring effect is negligible, the director makes an angle ¢, with respect to
streamlines, given as

tan’g, = =2 (26)
a;

which is called the Leslie angle (=9.7 deg for PAA). Owing to the presence
of a cylinder, streamlines are curved to the positive y direction upstream
of the cylinder. However, since the director orientation along the curved
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- @ (&

FIGURE 4 Relative orientation angles ¢, with respect to streamlines for the anchoring angle
ow=— 7/2. (a) Er=35; (b) Er=10; (c) Er=>50; (d) Er=100. Streamfunctions selected are 0.01,
0.1 and 1.0.

streamlines increases the free energy density due to the bend deformation of
director field, the director cannot orient along the streamlines, but takes a
negative relative angle upstream of the cylinder as shown in Figure 4. Once
this angle becomes below -¢;, the viscosity torque due to velocity gradient
acting on the director changes its sign to positive, and the director rotates
clockwise. This is the reason why ¢, is negative in an area upstream the
cylinder. Downstream, for Er=35, where the Frank elasticity which
suppresses the spatial distortion of the director is dominant, it is observed
that ¢, does not have a value so far from 0 deg and even shows a positive
value on the streamline ¥ =0.01. At Er=50 and 100, on the other hand, ¢,
approaches 0 deg along the streamlines ¢»=0.01 and 0.1, and shows a
monotonic decrease along ¢ =1.

Upstream and downstream displacements of streamlines were already
observed in Figure 3. Here, we investigate the displacements in detail as a
function of Ericksen number. Figure 5 shows the streamline displacement L,
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%0 50 700

FIGURE 5 Streamline displacements L as a function of Er for the anchoring angle ¢, =
- 7/2. L is defined as the x-coordinate where the maximum in the y-coordinate for a stream-
line occurs, the positive value meaning a shift to the downstream, and the negative value
corresponding to a shift to the upstream.

which is defined as the x-coordinate where the maximum in the y-coordinate
for a streamline occurs, the positve value meaning a shift to the downstream,
and the negative value corresponding to a shift to the upstream. For small
Er, L shows a negative value. Similar behavior has been obtained
theoretically and experimentally by Ultman and Denn [28], and experimen-
tally by Manero and Mena [29] for viscoelastic flow. In the present case,
director orientation is assumed to be largely responsible for such results; as
indicated in Figure 3, the director has already a positive y-component
upstream of the cylinder. Thus, it is understood that the peak of a curved
streamline occurs upstream of the cylinder. As Er increases, L increases to a
positive value and is finally saturated at large Er.

In order to investigate the effect of anchoring angle on flow behavior, we
give the streamlines and the director orientation profiles in Figure 6 and the
relative director orientation angle ¢, in Figure 7 with the anchoring angle of
¢.= —m (homeotropic configuration) for Er =10 and 50. In Figure 6, values
of streamfunctions are identical to those of Figure 2. Since this type of
director anchoring is resistant to flow around a cylinder, the curvature of
streamlines around it becomes large and the streamline pattern is similar to
that with the director perpendicular to the x-axis in Figure 2. The director
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FIGURE 6 Streamlines and director profiles for the anchoring angle ¢,,= — . (a) Er=10; (b)
Er=50. Values of streamfunctions are identical to those of Figure 2.

""" 0.1 4 o 0.1 4

1 0 70 S 0 10

FIGURE 7 Relative orientation angles ¢, with respect to streamlines for the anchoring angle
¢,,=— 7. (a) Er=10; (b) Er=50. Streamfunctions selected are 0.01, 0.1 and 1.0.

orientation downstream of the cylinder is completely opposite to that in the
upstream region, so that the spatial variation in the director orientation
profile seems to be quite large in the whole flow region. Thus, the effect of
the Ericksen number is not so remarkable compared with the results in
Figure 3 for planar configuration. In reflecting the small effect of Er, the
variation in relative orientation angle ¢, is also approximately identical to
each other between Er=10 and 50. Comparison with Figure 4 leads to the
fact that at Er= 10, the director along three streamlines shown in Figure 7 is
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influenced by anchoring angle, while at Er=150, where the effect of the
Frank elasticity is confined near wall surface, the director orientation along
the streamline =1 is independent of director anchoring angle.

5. CONCLUSIONS

This paper reports the nematic liquid crystalline flow around a circular
cylinder with an infinite axial length using the Leslie-Ericksen equations. At
low Ericksen numbers, an upstream displacement of the streamlines is
predicted. This streamline displacement is shifted to the downstream region
with increasing Ericksen number because the effect of fluid inertia becomes
large. These results for streamline are considerably different from those
obtained by Heuer ef al. with an assumption that the directior is fixed in a
certain direction. A distinctive director orientation profile is predicted in the
downstream region of a circular cylinder when the Ericksen number is large.
Streamline pattern and director orientation are changed remarkably at
Ericksen numbers between 10 and 50 for a planar anchoring configuration.
For a homeotropic anchoring configuration, on the other hand, the effect of
Ericksen number is small, because the spatial variation in the director
orientation profile is largely independent of Ericksen number. The
orientation angle of the director relative to the streamline along the specific
streamline explains successfully the relationship between director orienta-
tion and streamline patters.
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APPENDIX

The expressions for f (¢) and g (3, ¢) in Equation (12) are presented. The
subscript denotes partial derivative with respect to it. The authors are ready
to supply Equations (12) and (13) in the form of Cartesian (2-D and 3-D),
planar cylindrical and polar coordinate systems on a diskette if required.

f=—cos2¢¢; + cos2pdeeps + cos2dden—1/2peoope—1/2¢¢0
—1/2¢¢eedo—1/20sec+1/2bec00s + Peedp + Dee+1/20¢bosn + Doods
+ boo—Sin2pdesodc + Sin2pdead? + Sin2eepdl, — sin2pdeachs — 2sin2¢ e
+ sin2@epecgdg + Sin2Pdeea — SIN20Pee e g — 25IN2Peee b — sin2¢¢§¢>g
+ sin2¢¢? — sin2¢depagde + Sin2PePeg — sin2¢¢3 — sin2¢¢3 + sin2¢ ¢y
+8in2¢ — 1/2c082¢Peapdg — 1/2c0820Pep9 + 3C0820Peo ¢
+ 1/2c082pecedp + 1/2c082p¢see — 1/20052¢Peeode + c0S2¢pee by
— COoS2¢pee — cos2¢¢2 — cos2¢¢§¢0o + 1/2c0os2¢Pedage — cos2¢¢§¢(29
— 2c082¢ ¢y + K3(—c0s2¢gaps — cOs2¢pg — 1/2coods — 1/2¢¢06
— 1/2¢¢cepp — 1/2¢¢ee + 1/ 2becode + beco + dee + 1/20cPosp + boodo
+ o + Sin2Pesgds — Sin2pead? — sin2¢esds + SIN2peody
+ 2sin2deep — sin2¢deeads — Sin2¢deey + Sin2PecPedp + 28In2¢0Pee e
+ sin2¢¢2¢g — sin2¢@7 + sin2¢¢cPapdy — sin2pdees + sin2p¢;
+ sin2¢¢§ + sin2¢¢g — sin2¢ + 1/2c0s2¢Pegads + 1/2c0520 P9
— 3c082¢peat; — 1/2c0820¢seePo — 1/2c052¢pese + 1/2c082pdeeode



Downloaded by [University of Haifa Library] at 11:01 20 August 2012

234

S. CHONO AND T. TSUJ1

— COS2¢ e Bh + COS2Pepee + COS2GhE + COS2phdn — 1/2c082h b boge

+ cos2<b¢g<;5,3 + 2c082¢¢; P + cOs2PPe)

g zal(—2cosl¢cosz¢w&¢§ + 2c052d>coden/J§§¢§ — 3cos2¢cos2dpee e

—~ 2c052¢c082d ey + 4c0s2hcOS2pe by — 4c0s2pcos2ie By
+ 2¢082¢c082¢ e pg — COS2HCOS2PYag9Pe — COS2HCOS2PVYpgdcs
+ 20082008 2ptpap; — 200s2c0s2¢bpady + Ic0S2C0S2¢ndg
— co82¢c082¢tPge — COS2¢cos2padee — 8COS2¢C0S2¢pPedg

+ 2c082¢c0s2¢ by + COS2COS2¢pdag + 16SIN2PCoS2Pe decdy
— 4sin2¢cos2diPePe — 25in2pcos2Piedoy — 25in2hcos2diggede
+ sin2¢cos2diiggy + SIn2¢cos2¢lgadee + 8sin2¢cos2diagdedo

— 68in2¢c082¢gacpe — SIN2PcoSs2Pipgage — 4sin2pcos2ggpen
+ 8sin2¢cos2¢ipd; — Bsin2pcos2piady + 4sin2¢cos2dnds

— 3c082¢cos2dpegaps + 20082¢COS2P)epy + COS2PCOS2PYephee
+ 8c082¢pc082d1PegdcPg — 6C0S2COS2P e — COS2PCOS2PeaPgg
+ COS2¢C0S201ese Py — COS2PCOS2Yzepp + 3COS2PCOS2PYeeaPe
+ €0S2¢c0s2¢WecPep + 25in2¢sin2piheeds — 3sin2¢sin2dyesde
+ 8in2¢sin2¢ g + 8sin2@sin2 g dg — 2sin2epsin2Pipo e

— sin2¢sin2¢nPydes — Sin2cos2diesrr + 65IN2PCOS2PYeoatde

+ 45in2¢pc0s2tepdey — 8SIN2¢C0S2¢thend; + Bsin2pcos2desdy
— 125in2¢c082¢tpeghg + 25In2¢pcOS2¢hgg + SIN2PCOS2p1eeco

— 25in2¢cos2peeepe + 6SIN2¢COS2Pheeadg — 3SIN2¢cOS2pteey
— SIN2¢cos2pepee — BSIN20COS20ge Pehs + 6SIN2PCOS2PYee e
+ sin2¢cos2¢iee Pag + 28in2¢c0s2¢e Pee + 3sin2epsin2dieggdy
— sin2¢sin2¢efege — sin2¢sin2¢{p§9¢£§ — 8sin2¢sin2¢ipegdedo

+ 6sin2¢sin2diPegde + sin2¢psin2diPegdgs — 1/4sin2¢sin2Paeeee
— Sin2¢sin2dheeedo + Sin2¢sin2dapeee + 1/25in2¢sin2)eeqq

— 3sin2¢sin2dpeegpe — Sin2¢sin2gipecen + 2sin2¢sin2drpeecd;
- 28in2¢sin2¢¢&¢§ + 3sin2¢sin2 g pg — Sin2¢sin2¢rpee

+ 2sin2¢sin2difedes — 4sin2¢sin2q§¢§¢§ + 4sin2¢sin2¢52[1€¢5

— 2sin2¢sin2¢iPedg — 1/4sin2¢sin2¢),,, + SiN2¢sin2PtPggecde

+ sin2¢sin2dggdes — 2sin2¢sin2¢¢”¢§) + aa(cos2¢iped?
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— cos2¢ihgae — 1/ 2c0s2¢pege + 4c0S20eode + 1 / 2082t

+ 2c082¢tppeebp — COS2drpacec — 2c052¢pdE + 2c082dnbodedy

— 2c082¢thgdedp — 1/2%beando—3 /2teo0 + Veoee — 20e0de — Yeodee

+ 1/4gece — 1/ 20gecdo — 3/ 2bege + 1/ 2becon + 1/ 20e0de — Yeedes

+ 2heecpp + 3thee + 20epeo — 1/ 20cbeen — 1/ 29ePovp — 20pedp — 24

+ 1/ 4gpes + 1/ 2tbogade + Yoodeo + Voo + 1/200eop + 1/2000beee — 2bpee
+ 2t — Asin2ilpd by + 25in2¢efgeh; + Sin2¢pdecan + 3/2¢082¢%eands
+ cos2¢tpeacpes — 3c02¢Yead + cos2dtpeadep + 1/40082¢eeee

+ 1/2c082¢eeehs — c082Peee + 3/2€082¢0eeabe — coqu&zp&qbg

— cOS2¢theedh — 2c082¢dee by + COS2Ptee — 4COS2¢PePeady — COS2Pebeo
— 1/2c082¢thedecy + 2c0s2gnpe g + 200822y — 20082 Becbag

+ 1/2c082¢ ¢ page — 20052¢1/)§¢3 + 2c082¢pepg — 1/4cos2¢iPggen

+ 1/2c082¢apede + cos2ipeds + 1/2sin2dnhesss — 2sin2enfead;

— 23in2¢w€9¢§ — sin2@egeps + sin2dipeg + 1/28I02¢90geen — Sin2dipeee de

— 3/2sin2¢peco — 1/2sin2dtpee e + 3sin2pee e — 1/2sin2d1Pecchon

— SIN2¢ePege + 25IN2PePeode + SIN2P1Pe e Pg + SIN2P1ePee

+ 4sin2¢¢5¢5¢§ + 2sin2¢tpe peipg — 28in2pihede — 3sin2¢ah:gacdy

+ sin2¢nbgegpe — 1/2sin2¢bgep + 1/25in2d1pgedec + 1/2sin2¢boochan

+ 2sin2¢nfepead — Sin2dipdes + Sin2dodecs — Isin2diedeecde)

+ a3 (cos2¢npdy — cos2dade — 1/2c082¢adeas + 4c0s2¢vydeads

+ 1/2co82¢1speee + 2c082¢Padee o — COS2PPe0e — 2cos2¢z/).9¢2

+ 2c082¢ngechy — 2c052¢0pdedn + 1/ 20gandb + 3/ 2beas—estbec + 2¥eacde
+ thepden — 1/4gece + 1/ 2becedo + 3/ 2ubege — 1/ 2econ— 1/ 2vbeende + Peedeo
~ 2teepp — e — Whehen + 1/ 20ebeen + 1/29ebogp + 290 + 24

— 1/44g000 — 1/2%0090c — Vooben — o9 — 1/200beop — 1/200¢eee

+ Qg — 2hacpe — Asin2enbacs by + 28in2¢ebpd; + Sin2giipbedon

+ 3/2cos2¢Pea9 + COS2pgpdee — 3c082pepde + COS2Y o Pgg

+ 1/4c082¢tpeeee + 1/2c082¢1)ecepo — co82eee + 3/2c0823eea e

— cos2¢tgcy — COS2Pueedy — 2c082¢nbeccy + COS2¢ge — Acos2dnedeoda
— COS2¢ehey — 1/2c082¢ e beco + 2c082¢1/)5¢§¢9 + 2cos2¢¢§¢§

— 2c082¢ne Peap + 1/2c082e Page — 2c082¢be Py + 2082 o
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— 1/4c0s2¢geps + 1/2c0s2npagache + COs2dYpachy + 1/25in2¢¢ g0

— 2sin2¢tescpy — 28in2nepcsy — sin2@ibeody + sin2¢ibeg + 1/28in2¢beees

— Sin2¢ecede — 3/25102¢npeep — 1/25In2¢%gepge + 3sin2ebphec e

~ 1/2sin2¢peepgp — Sin2¢Peegp + 2 5in 2dtpepeode + SIN2PptePee o

+ sin2¢ysge + dsin2nbeedh + 25in2¢pe ey — 2s5in2ep e

— 3sin2¢ e poacps + sin2dihagecde — 1/28in2vgg + 1/25in201pg¢hee

+ 1/2sin2¢bgapep + 28in2dPgdeadp — Sin2¢becdeg + sin2¢ihpdeeo

— 3sin2¢pdecpe) + as(—cos2¢iiegdap — 1/4c082heeee + 3/20082¢0 e

— 200821)geo; + COS2teedy + COS2Pugedy — 3c082hebee — 2c052¢bed;

— 20082t + 2c082¢n)e + 1/4cos2dnpapgs — COS2Prgad: — COS2htgnd;

+ 2c0s2¢vggepg + cOs21Pgg + COS2PPgee — dcos2ipyde + COS2Pedag

+ eos — 1/ 8eeee + Peee — 1/ 20gc0p — ee — 1/ HDoosn — tpp — 1/28102¢1¢0p
- Sin2¢’l/)£gg¢)§+28in2(b’¢l§g¢)§ + 23in2¢¢59¢§ — 2sin2¢1Peapy — 4sin2ehifeg

— 1/28in2P9egen + SIN2PPeeede + SIN2Peepdg + 5/28In2PPeeq

+ 1/2sin200¢epee — 4sin2pipgepe + 1/28In2¢9¢c g — Sin2ibechee

+ 4sin2¢ype de — SIN2P1pe pog — sin2¢nPggecdg + 1/2sin2¢ppgee — 1/25in2¢hgpdee
+ 2sin2¢pgepe — 1/25In2¢1Penpgs — 2sin2¢>1/)9¢§ —2sin2¢pe5 + 2sin2¢nby
— 2¢082¢Yegpdy — 1/2c0s2¢ggp — cOS2deachee + 6COS2Pbgpcde)

+ e (1/4c0s2d1Pecee — 3/2c082¢d1Peee + 20820 ecpbe — 0052¢1b&¢§

— coS2¢tpeey + 3cos2grfe + 20082 + 2c082¢ie By — 2052

— 1/4cos2¢npasns + cOS2¢0pee; + cos2enppgthy — 2C082¢Wpgchy — COS2Ppg
— coS2¢pdee + 4cos2Ppde — cos2dipechps + Yeow — 1/ 4bgeee + Veee

— 1/2%ce0n — Yee — /4100000 — Wag + 1/25in2¢1)eg0 + SIN20cophe

— 2sin2¢npepd} — 2sin2beay + 25in2¢ipcagdp + 4sin2¢ieg + 1/28in2¢0geco
— SIN2¢ec e — SIN2PYeegdo — 5/ 28In20Pees — 1/28IN200e ee

+ 4sin2@peede — 1/28in2eepog + SIN2¢Pe e — 4Sin2dnpede + sIn2pedpgg
+ sin2¢igeade — 1/25in2dvags + 1/25in2¢pggchee — 25ID2¢1Pg0pe

+ 1/2sin2¢rbgpcdpe + 2sin2d>wg¢g + Zsin2¢wg¢§ — 2sin2¢1pg + 2c052¢1Pepay
+ 1/2¢c0s2¢)eap + cOS2dbeatpee — 6€OS2hgade + OS2 eachos)



